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Abstract
String backgrounds and D-branes do not possess the structure of Lorentzian manifolds, but that
of manifolds with area metric. Area metric geometry is a true generalization of metric geometry,
which in particular may accommodate a B-field. While an area metric does not determine a
connection, we identify the appropriate differential geometric structure which is of relevance for
the minimal surface equation in such a generalized geometry. In particular the notion of a derivative
action of areas on areas emerges naturally. Area metric geometry provides new tools in differential
geometry, which promise to play a role in the description of gravitational dynamics on D-branes.
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I. INTRODUCTION
Interest in a geometric understanding of generalized backgrounds in string theory has
recently been fueled by Hitchin’s proposal of a unified description of the spacetime metric
and the Neveu-Schwarz two-form [1]. This approach is of intrinsic mathematical appeal
and has proven valuable in compactifications of string theory on generalized complex mani-
folds [2, 3], and in studying D-branes and mirror symmetry [4, 5, 6, 7]. However, the basic
premise of string theory, namely the replacement of point particles by strings, suggests an
alternative geometric picture: manifolds equipped with an area measure. These present a
true generalization of Lorentzian manifolds because only some area measures can be induced
from a metric. In particular both a metric and a B-field may contribute to an area measure,
as we will show, but the geometry of area metric manifolds is even more general.
This generality comes at a price; while the tangents to worldlines constitute vector spaces,
the tangent areas of string worldsheets merely form a polynomial subspace, a so-called
variety, of the vector space of antisymmetric two-tensors (which are often termed bivectors
in the literature and play an important role in many areas of general relativity, for instance
in the Petrov classification of the Weyl curvature [8]). Tensors, being linear maps between
vector spaces, are incompatible with the non-linear structure of a variety. This simple fact
obstructs a routine construction of covariant derivatives and associated tensors from the area
metric. In this paper, we develop the geometry of area manifolds aiming at the identification
of relevant structures. We show that an area metric determines only part of a connection,
namely what we term a symmetric pre-connection. The symmetric pre-connection in turn
determines a derivative action of areas on areas which is sufficient to rewrite the string
equation of motion, or the stationary surface equation, in a concise coordinate-independent
form. This attaches particular relevance to the symmetric pre-connection because stationary
surfaces probe the structure of area metric manifolds the same way geodesics probe the
structure of metric manifolds.
The area geometry developed in this paper surfaces naturally in the context of string
theory. We show that the Polyakov action for the fundamental string in a target space with
non-vanishing Neveu-Schwarz two-form is classically equivalent to a surface area functional
on an area metric manifold. The area measure on this manifold is the sum of the separate
area measures induced from the metric and the two-form. Moreover, the area metric manifold
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structure reflects in the effective action for D-branes: these cannot be regarded as embedded
Lorentzian manifolds, but find a neat geometric interpretation as area metric manifolds; the
area metric in this case is a particular combination of the metric, the B-field and the U(1)
gauge field on the brane. Thus area geometry is a geometric way, alternative to Hitchin’s,
of understanding generalized geometries in string theory.
The construction of differential operators relevant for the geometry of areas in this paper is
completely canonical: the area metric is treated as a fundamental structure on the manifold,
which contrasts our recent work in [9], where area metric geometry was discussed as a multi-
metric geometry by employing a particular Gilkey decomposition [10, 11] of the area metric.
The identification of canonical differential geometric structures in the present paper sets the
stage for the search for area geometric invariants which, in the light of our findings, promise
to be of relevance for the description of gravity on D-branes [12, 13, 14, 15].
As a mathematical application we briefly consider the hierarchical structure of a mani-
fold both with metric and independent area metric, which is a natural extension of metric
manifolds from the point of view of category theory, and has been considered analogously
in the context of higher gauge theories [16, 17, 18]. While symmetric pre-connections can-
not be used to define a covariant derivative, we show that any symmetric pre-connection
can be extended to a proper connection on the antisymmetric two-tensors (into which the
variety of areas is embedded), which then allows the construction of tensor invariants in
standard fashion. This extension requires an anti-symmetric pre-connection which cannot
be constructed from an area metric, but interestingly from a standard metric. The resulting
connection has the desirable property that areas are parallely transported into areas.
The organization of this paper is as follows. We define area metric manifolds in section II,
and then proceed with the axiomatic definition of pre-connections in section III where we
further show how a symmetric and an antisymmetric pre-connection may be combined to
build a connection on the antisymmetric two-tensors. A canonical area derivative, completely
defined in terms of the symmetric pre-connection, is introduced in section IV. This area
derivative is used in the following section V to rewrite the string equation of motion, which is
discussed in full generality as a stationary surface on area metric manifolds. The application
of area manifolds in understanding generalized string backgrounds and the identification of
D-branes as area metric manifolds is made in section VI. With the help of both a symmetric
and an antisymmetric pre-connection we construct tensors on manifolds equipped with a
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metric and an independent area metric in section VII. We conclude with a discussion in
section VIII.
II. AREA METRIC MANIFOLDS
We consider smooth d-dimensional manifolds M equipped with a fourth rank covariant
tensor G with the following symmetries
G(X, Y,A,B) = −G(Y,X,A,B) = G(A,B,X, Y ) . (1)
Via linear extension the map G naturally provides us with a linear map from the space of
antisymmetric contravariant two-tensors
∧2 TM to its dual,
G :
∧2 TM −→ (∧2 TM)∗ . (2)
In case the inverse G−1 : (
∧2 TM)∗ −→ ∧2 TM of the above map exists everywhere on M ,
we call G an area metric and (M,G) an area metric manifold. Note that the area metric G
may be uniquely decomposed as the sum of an algebraic curvature tensor and a four-form,
which are irreducible under the local frame group SL(d,R).
Any metric manifold (M, g) is an area metric manifold (M,Gg), by virtue of
Gg(X, Y,A,B) = g(X,A)g(Y,B) − g(X,B)g(Y,A), which is readily seen to be an area
metric. But not every area metric is induced by a single metric, but rather by a finite col-
lection of metrics {g(1), . . . , g(N)} via a decomposition theorem for algebraic curvature maps
due to Gilkey [10]. It follows from this theorem that any area metric can be decomposed as
G = F +
N∑
i=1
σ(i)Gg(i) , (3)
with signs σ(i) = ±1 and a four-form F . Unfortunately, the decomposition is far from unique,
and only a redefinition of area metric geometry as multi-metric geometry (by picking a par-
ticular decomposition), as in [9], allows to base the construction of curvature invariants on
the constituent metrics g(i). In this paper we therefore do not consider any such decompo-
sition.
It is not obvious how to construct some curvature tensor associated with an area metric G
in a decomposition-independent fashion. This difficulty essentially roots in the fact that
oriented areas, unlike vectors, do not constitute a linear space. More precisely, we observe
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that any area metric G may indeed be used to consistently assign a surface area to any given
oriented area X ∧ Y , where X and Y are two vectors in the same tangent space. Clearly,
X ∧ Y is an element of the vector space ∧2 TM , but a generic antisymmetric two-tensor
Ω ∈ ∧2 TM may only be written as the exterior product of two vectors if Ω ∧ Ω = 0. Such
elements of
∧2 TM are called simple and constitute the space of oriented areas A2TM . As
the simplicity condition is polynomial, A2TM is an affine variety embedded into the vector
space
∧2 TM :
A2TM =
{
Ω ∈ ∧2TM |Ω ∧ Ω} . (4)
Strictly speaking, the area metric G only ought to act on the variety A2TM , which already
renders G non-tensorial. Indeed, it is not possible (without resorting to a particular Gilkey
decomposition) to construct an affine connection from G, let alone tensors; not even on the
embedding space
∧2 TM ⊃ A2TM .
III. PRE-CONNECTIONS
In this section we define symmetric and antisymmetric pre-connections on an area metric
manifold (M,G) into which any
∧2 TM connection uniquely decomposes. The following
sections IV and V then will show that symmetric pre-connections are of central importance
for area geometry.
A symmetric pre-connection D·(·, ·) on an area metric manifold (M,G) is a map sending
a vector X and two sections Ω,Σ of the bundle of antisymmetric two-tensors
∧2 TM to the
function DX(Ω,Σ) ∈ C∞(M) which satisfies the following properties
DX(Ω,Σ) = DX(Σ,Ω) , (5a)
DX+fY (Ω,Σ) = DX(Ω,Σ) + fDY (Ω,Σ) , (5b)
DX(Ω,Σ + Φ) = DX(Ω,Σ) +DX(Ω,Φ) , (5c)
DX(Ω, fΣ) = fDX(Ω,Σ) + (Xf)G(Ω,Σ) . (5d)
This means the symmetric pre-connection is C∞(M)-linear in X but only R-linear in Ω
and Σ. The Leibniz rule in the last line holds identically for DX(fΩ,Σ) because of
the symmetry. A symmetric pre-connection is determined by provision of the coefficients
Θa1a2b1b2c = Dc(ea1 ∧ ea2 , eb1 ∧ eb2) which consequently appear in the coordinate expansion
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of the function DX(Ω,Σ):
DX(Ω,Σ) = X
c∂c(Ω
a1a2Σb1b2)Ga1a2b1b2 +X
cΘa1a2b1b2cΩ
a1a2Σb1b2 . (6)
Our conventions for the coordinate representations of objects and operations are explained in
the appendix. Under a coordinate change with the matrix φa
′
a = ∂x
a′/∂xa the coefficients Θ
transform according to
Θa1a2b1b2c = φ
a′1
a1φ
a′2
a2φ
b′1
b1
φ
b′2
b2
φc
′
c Θa′1a′2b′1b′2c′ + ∂c
(
φa
′
1
a1φ
a′2
a2φ
b′1
b1
φ
b′2
b2
)
Ga′1a′2b′1b′2 . (7)
We will find that symmetric pre-connections are at the heart of area metric geometry. In
order to illuminate their relation to affine geometry we also introduce antisymmetric pre-
connections and show that both are needed to compose connections.
An antisymmetric pre-connection D·[·, ·] on an area metric manifold (M,G) is a map
sending a vector X and two sections Ω,Σ of the bundle of antisymmetric two-tensors
∧2 TM
to the function DX [Ω,Σ] ∈ C∞(M) which satisfies the following properties
DX [Ω,Σ] = −DX [Σ,Ω] , (8a)
DX+fY [Ω,Σ] = DX [Ω,Σ] + fDY [Ω,Σ] , (8b)
DX [Ω,Σ + Φ] = DX [Ω,Σ] +DX [Ω,Φ] , (8c)
DX [Ω, fΣ] = fDX [Ω,Σ]− (Xf)G(Ω,Σ) . (8d)
Note that the antisymmetry implies that
DX [fΩ,Σ] = fDX [Ω,Σ] + (Xf)G(Ω,Σ) . (9)
The antisymmetric pre-connection is C∞(M)-linear in X and R-linear in Ω and Σ. It
is determined by coefficients Ξa1a2b1b2c = Dc[ea1 ∧ ea2 , eb1 ∧ eb2 ] which under a coordinate
change transform according to
Ξa1a2b1b2c = φ
a′1
a1φ
a′2
a2φ
b′1
b1
φ
b′2
b2
φc
′
c Ξa′1a′2b′1b′2c′
+
[
∂c
(
φa
′
1
a1
φa
′
2
a2
)
φ
b′1
b1
φ
b′2
b2
− φa′1a1φa
′
2
a2
∂c
(
φ
b′1
b1
φ
b′2
b2
)]
Ga′1a′2b′1b′2 . (10)
The coordinate expansion of the function DX [Ω,Σ] reads
DX [Ω,Σ] = X
c
(
∂cΩ
a1a2Σb1b2 − Ωa1a2∂cΣb1b2
)
Ga1a2b1b2 +X
cΞa1a2b1b2cΩ
a1a2Σb1b2 . (11)
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Due to the antisymmetry the two terms in bracket cannot be combined using the product
rule, in contrast to the symmetric case of expression (6) above.
We now show that on an area metric manifold any
∧2 TM connection uniquely decom-
poses into a symmetric and an antisymmetric pre-connection. An important corollary of
this insight is the existence of pre-connections. Consider the following sum of a symmetric
and an antisymmetric pre-connection:
DX(Ω,Σ) +DX [Ω,Σ] . (12)
Due to the different symmetry properties of the pre-connections, the above sum is now
C∞(M)-linear in Σ, which puts us into the position to define a connection ∇ on the bun-
dle
∧2 TM by letting
∇XΩ = 1
2
G−1(DX(Ω, ·) +DX [Ω, ·], ·) . (13)
Indeed, the vector entry X is C∞(M)-linear, and the entry Ω is R-linear. Under smooth
rescalings of Ω by a function f on the manifold we also find the expected Leibniz rule
∇X(fΩ) = f∇XΩ+ (Xf)Ω . (14)
The coefficients Γc1c2a1a2b of the
∧2 TM bundle connection are easily expressed in terms of
those of the pre-connections by
Γc1c2a1a2b =
1
2
Gc1c2p1p2 (Θa1a2p1p2b + Ξa1a2p1p2b) . (15)
Conversely, by the invertibility of the area metric G this shows that on an area metric
manifold any
∧2 TM connection can be uniquely decomposed into a symmetric and an
antisymmetric pre-connection.
There is a natural compatibility criterion for
∧2 TM connections with respect to the
area metric G which fully determines the symmetric pre-connection. Let ∇ be an arbitrary
connection on the
∧2 TM bundle over an area metric manifold (M,G). The connection ∇
is called area metric compatible if the area metric is preserved under parallel transport, i.e.,
if
∇XG = 0 . (16)
While this requirement is formulated in terms of a covariant derivative, it does only present
a condition on the symmetric pre-connection D·(·, ·) because
(∇XG)(Ω,Σ) = XG(Ω,Σ)−DX(Ω,Σ) . (17)
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Importantly, it follows that area metric compatibility uniquely determines the symmetric
pre-connection coefficients Θ as
Θa1a2b1b2c = ∂cGa1a2b1b2 . (18)
A further geometric implication of area metric compatibility is that areas are parallely
transported into areas on even-dimensional area metric manifolds. To see this consider the
volume form ω on (M,G) with components
ωa1...ad = ((−1)d−1 detG)1/(2d−2)εa1...ad , (19)
where ε is the totally antisymmetric density, and the determinant is calculated for
G :
∧2 TM → (∧2 TM)∗. Area metric compatibility implies
Γmnmnb =
1
4
GmnpqΘmnpqb =
1
4
Gmnpq∂bGmnpq , (20)
which is equivalent to ∇Xω = 0 as shown in [9]. This in turn implies that the simplicity con-
dition Ω∧Ω = 0 (for Ω to be an area in A2TM), which may be written ω(Ω,Ω, ∗, . . . , ∗) = 0,
is preserved under parallel transport. Since area metric compatibility preserves the inner
product under parallel transport, it also preserves the normalization of any
∧2 TM basis
{eA} which one may choose as G(eA, eB) = η˜AB, with the pseudo-Riemannian area metric
η˜ = diag(−1, . . . ,−1, 1, . . . , 1) of signature (d− 1, (d−12 )).
We may thus show that the structure group GL(d), which acts in a
(
d
2
)
-dimensional
representation on the
∧2 TM bundle, is reduced by the introduction of an area metric.
Generically, the action of a transformation P in GL(d,R) on Ω in
∧2 TM is given by
(PΩ)a1a2 = 2P a1b1P
a2
b2Ω
b1b2 . (21)
Now consider a transformation P in GL(d) which respects the orthonormality of the basis.
Using (21), the required condition G(PeA, P eB) = G(eA, eB) is then equivalent to
η˜a1a2b1b2 = 4η˜c1c2d1d2P
c1
a1P
c2
a2P
d1
b1P
d2
b2 . (22)
In contrast to the general case, the area metric η˜ can always be induced from a single metric,
namely the Minkowski metric η, since η˜a1a2b1b2 = ηa1b1ηa2b2 − ηa1b2ηa2b1 . The above condition
can thus be rewritten as
Q[acQ
b]
d = δ
[a
c δ
b]
d (23)
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for Q = η−1P tηP . Taking a simple trace yields (TrQ)Q − Q2 = (d − 1)δ, where Q can
be brought to Jordan normal form (over the complex numbers) and so the traced condition
must be satisfied for each Jordan block. If any one of the blocks were non-diagonal the traced
condition could not hold, as Q2 then would have a second superdiagonal. Hence the Jordan
normal form of Q is diagonal, and the full condition (23), also transformed to Jordan normal
form, can be written in terms of eigenvalues q(a) of Q as (q(a)q(b) − 1)δ[ac δb]d = 0. It follows
that q(a)q(b) = 1 for all a 6= b, so that, in dimension d > 2, all eigenvalues of Q are either
+1 or −1. Hence Q = ±δ, or P tηP = ±η. For the lower sign the invertible transformation
P maps spacelike vectors to timelike ones and vice versa. For a real transformation P this
is only possible for metrics η of signature (s, s) which are not Lorentzian for d > 2. For
the upper sign, P is a Lorentz transformation. In our case therefore, the structure group
is reduced as in the case of standard metric compatibility GL(d) → SO(1, d − 1). This is
compatible with the notion of the Lorentzian structure of an area metric manifold which
is still apparent from the cones formed by the null planes. Note that in contrast to metric
geometry, no condition such as vanishing torsion is needed to fully determine the coefficients
of the symmetric pre-connection.
IV. CANONICAL AREA DERIVATIVE
We have seen that on an area metric manifold (M,G), a connection uniquely decom-
poses into a symmetric and an antisymmetric pre-connection, and that the symmetric pre-
connection is uniquely determined by the requirement of covariant constancy of the area
metric. In section V we will demonstrate that the equation for stationary surfaces can be
written in terms of a derivative action of areas on areas, whose definition solely depends on
the symmetric pre-connection. For the sake of clarity we define this derivative action before
relating it to the stationary surface equation.
More precisely, we now construct a T ∗M-valued derivative DΣΩ of an area Σ = X ∧ Y
in A2TpM acting on a section Ω of the bundle
∧2 TM of antisymmetric two-tensors. The
definition will only involve the symmetric pre-connection: for any vector Z we define
DΣΩ(Z) = DX(Ω, Y ∧ Z)− 1
2
G(Ω,LXY ∧ Z) + terms cyclic in X, Y, Z . (24)
This is well-defined as the right-hand side is invariant under SL(2,R)-transformations of the
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representatives X, Y for Σ. Checking this requires some amount of algebra and the crucial
fact that the derivative of the unit determinant of the transformation vanishes. One easily
sees that for a function f and a vector W
DΣΩ(fZ +W ) = fDΣΩ(Z) +DΣΩ(W ) , (25)
so that DΣΩ is indeed a one-form. We cannot expect additivity in Σ, as no addition of
generic elements can be defined on A2TM , except in case the two summand areas intersect.
The derivative is, however, homogeneous in Σ,
DfΣΩ = fDΣΩ . (26)
The area derivative DΣΩ displays the additivity property for sections Ω,Φ of
∧2 TM ; but
an inhomogeneous term is generated under rescalings of Ω by a function f :
DΣ(Ω + Φ) = DΣΩ+DΣΦ , (27a)
DΣ(fΩ)(Z) = fDΣΩ(Z) + 3G(Ω, (Σ ∧ Z)xdf) . (27b)
The occurrence of the area metric G in the rescaling property derives from the fact that it
is used in the definition of the symmetric pre-connection. For the coordinate expansion of
DΣΩ(Z) we find
DΣΩ(Z) = 3
4
Σ[adZe]
(
Gbcad∂eΩ
bc + ΩbcΘbcade
)
, (28)
which again explicitly displays the dependence of the area derivative on the symmetric pre-
connection only. For the area metric compatible symmetric pre-connection defined by the
coefficients (18) this can be rewritten as the following evaluation of a three-form:
DΣΩ(Z) = d[G(Ω, ·)](Σ ∧ Z) . (29)
V. STATIONARY SURFACES
Stationary surfaces probe the geometry of area metric manifolds (M,G); they are geo-
metrically well-defined objects obtained by variation of the surface area functional defined
by G. We demonstrate that the corresponding Euler-Lagrange equation only depends on the
symmetric pre-connection. In gauge-fixed form the equation requires the vanishing of DΩΩ
which is thus identified as the mean curvature one-form of the surface.
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We begin by considering the Nambu-Goto action which measures the worldsheet area of
a string moving in the target space manifold M . The embedding functions xa depend on
the parametrization by the worldsheet coordinates σα = (τ, σ). The classical form of the
action is based on length measurement through a target space metric g pulled-back to the
worldsheet,
SNG =
∫
d2σ
√
det ∂αxa∂βxbgab(x) . (30)
The determinant under the square root can be expanded, yielding (Gg)abcdx˙
ax′bx˙cx′d with
the induced area metric (Gg)abcd = gacgbd − gadgbc.
In order to obtain the action that is our generalized starting point we now replace the in-
duced area metric Gg by a general area metric G. Abbreviating Ω = x˙∧x′ with Ωab = 2x˙[ax′b],
where dot and prime respectively denote differentiation with respect to τ and σ, we then
have
S =
1
2
∫
d2σ
√
Gabcd(x)ΩabΩcd . (31)
Note that Ω = x˙ ∧ x′ is a section of A2TM . But not any section of A2TM is integrable,
i.e., arises as the tangent area distribution of some surface. The necessary and sufficient
criterion for integrability is the Frobenius criterion which can be concisely written
{Ω,Ω} = 0 . (32)
The anticommutator bracket maps two
∧2 TM sections to ∧3 TM and is defined by its
action on one-forms [9] as follows
{Ω,Σ} xω = 1
3
(LΣ xωΩ + LΩxωΣ− 2Σ x dω yΩ− 2Ω x dω yΣ) , (33)
where L denotes the Lie derivative and the conventions for the contraction symbols are
explained in the appendix.
We vary the area metric string action (31) with respect to the worldsheet embedding
functions xa(σα) to obtain the minimal surface equation in terms of the area metric G and
its partial derivatives, and Ω = x˙ ∧ x′. This yields
Ωaf∂fΩ
cdGabcd + Ω
afΩcd
(
∂fGabcd − 1
4
∂bGafcd
)
=
1
2
ΩafΩcdGabcd∂f ln (GpqrsΩ
pqΩrs) , (34)
if boundary conditions are chosen such that∫
dσ
GabcdΩ
cd√
GpqrsΩpqΩrs
δx[ax′b] +
∫
dτ
GabcdΩ
cd√
GpqrsΩpqΩrs
x˙[aδxb] = 0 . (35)
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Here the first integral is evaluated at the boundary of the original τ -range, and the second
integral is evaluated at the boundary of the original σ-range.
The stationarity condition (34) may be written in the coordinate-free form
Z G(Ω,Ω)− 2 d[G(Ω, ·)](Ω ∧ Z) = −2G(Ω, Z ∧ [Ω x d lnG(Ω,Ω)]) . (36)
It is now easily checked that this equation is reparametrization invariant under Ω 7→ fΩ.
Note that no reparametrization affects the integrability of an area distribution Ω in A2TM
since {fΩ, fΩ} = f 2{Ω,Ω}. Choosing a parametrization with constant G(Ω,Ω) removes the
first term and the right hand side. We then see that the stationary surface equation can be
written in terms of an area metric compatible symmetric pre-connection using equation (29)
as
DΩΩ = 0 , (37)
at which point the central relevance of the symmetric pre-connection and area derivative for
area metric geometry becomes manifest. The stationary surface equation for an embedded
surface is thus written as the condition on its tangent area distribution Ω which is a section
of A2TM , if it is supplemented by the integrability condition (32).
The stationary surface equation requires the vanishing of the one-form DΩΩ which there-
fore presents a generalization of the mean curvature vector that vanishes for any two-
dimensional minimal surface embedded into a Riemannian manifold.
VI. STRING BACKGROUNDS AND D-BRANES
Area metric geometry provides a natural framework for the discussion of classical strings.
We show that the fundamental string action on a generalized background can be cast into
the form of a surface action on an area metric manifold, and that this clarifies the equal
roles played by g and B in the formation of the area measure. Most interestingly, the area
metric manifold structure is still apparent in the D-brane effective action. This suggests
that gravity induced on D-branes could be given by area metric manifold dynamics.
Strings on a generalized background consisting of a metric g and a Neveu-Schwarz two-
form B are governed by the Polyakov worldsheet action
SP =
1
2
∫
d2σ
√−γ (γαβ + ǫαβ) ∂αxa∂βxb (gab +Bab) , (38)
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where γ is the worldsheet metric and ǫαβ =
√−γεαβ the antisymmetric Levi-Civita tensor.
This action can be rewritten in the following form,
SP =
1
2
∫
d2σ
√
− (1− λ2) det(γ − λǫ) (γ − λǫ)−1 αβ ∂αxa∂βxb
(
gab + λ
−1Bab
)
, (39)
as can be seen by expanding det(γ−λǫ) and (γ−λǫ)−1. Formally, this looks like a Polyakov
action with worldsheet metric γ˜ = γ − λǫ, which however is non-symmetric and thus does
not admit a straightforward geometric interpretation. The combination γ−λǫ can be elimi-
nated from this action in standard fashion by substituting the algebraic ‘energy-momentum’
constraint obtained by variation with respect to γ˜, leading to the classically equivalent
Nambu-Goto type action
SNG =
∫
d2σ
√
− (1− λ2) det ∂αxa∂βxb(gab + λ−1Bab) . (40)
To see that this action has a clear interpretation within area metric geometry, we first
define for any invertible map m : TM → T ∗M an induced area metric Gm :
∧2 TM →∧2 T ∗M by
Gm(X, Y, U, V ) =
1
2
[
m(X,U)m(Y, V )−m(X, V )m(Y, U) + (X, Y )↔ (U, V )
]
. (41)
Note that the explicit symmetrization is not needed in case m is either purely symmetric or
antisymmetric. Using this definition one immediately finds, with Ω = x˙ ∧ x′,
SNG =
∫
d2σ
√
(1− λ2)Gg+λ−1B(Ω,Ω) . (42)
While there is no meaningful interpretation for the non-symmetric tensor g + λ−1B as a
length measure, Gg+λ−1B is a meaningful symmetric area metric. The classical equivalence
of (42) and the Polyakov action (38) shows that the classical string background with g and
B can be interpreted as an area metric manifold (M,Gg+λ−1B) for any λ with λ
2 6= 0, 1.
Hence there is a one-parameter family of area metric manifolds representing the geometry
of string backgrounds with non-vanishing B-field. The simple fact
Gg+λ−1B(Ω,Σ) = Gg(Ω,Σ) +Gλ−1B(Ω,Σ) (43)
further reveals that both g and B independently contribute to the total area measure, while
none of them plays a distinguished role.
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The area metric manifold structure (M,Gg+B) of the fundamental string action is reflected
also in the string-induced Dirac-Born-Infeld action which appears as the effective action for
a gauge field A induced by open strings ending on a D-brane M [19, 20, 21, 22]:
SDBI =
∫
M
√
− det(g +B + 2πα′F ) . (44)
This may be interpreted as the volume of the D-brane, but the volume form cannot be that of
a Lorentzian manifold (because this would require a non-symmetric metric g+B +2πα′F ).
An area metric, on the other hand, can absorb the modification by B and by the gauge
field. The Born-Infeld action, and thus the D-brane volume, can be written as the canonical
volume (19) of an area metric manifold.
This becomes possible through the following determinant identity for any mapm : TM →
T ∗M , for whichm = ms+ma is the canonical split ofm into its symmetric and antisymmetric
part:
(detm)d−1 = det (Gms + κd(m)Gma) , (45)
where the area metric determinant on the right hand side is calculated for the correspond-
ing matrix in the
∧2 TM basis. Interestingly, a scaling function κd(m) depending on the
spacetime dimension and on the matrix m appears in front of the area metric contribution
induced from the antisymmetric ma, as for the fundamental string (κ ∼ λ−2). While com-
puter algebra shows the existence of this function for any dimension 2 ≤ d ≤ 11 . . . , it is
very difficult to obtain its analytical expression for larger d. For d = 2 one simply finds
constant κ2(m) = 1, for d = 3 the expression becomes κ3(m) = 1 + det(m
−1
s m).
Using the determinant identity, we now rewrite the Dirac-Born-Infeld action as
SDBI =
∫
M
(
(−1)d−1 det (Gg + κd(g +B + 2πα′F )GB+2piα′F )
)1/(2d−2)
. (46)
Hence D-branes are area metric manifolds, but not Lorentzian manifolds.
VII. APPLICATION TO MANIFOLDS WITH METRIC AND AREA METRIC
We have identified the symmetric pre-connection and the associated area derivative op-
erator as structures of central importance to area metric geometry. In particular we have
shown that the area metric induced symmetric pre-connection determines the stationary
surface equation. It seems not possible, however, to construct a
∧2 TM connection from an
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area metric alone. This is because there is no antisymmetric pre-connection in terms of G
which could be used to complement the symmetric pre-connection.
In the search for geometric invariants of area metric manifolds one may now proceed
along two different routes. One possibility is the construction of invariants only involving
the symmetric pre-connection, which is entirely in the spirit of area metric geometry, but
complicated by the non-linear structure of area spaces. This approach is currently under
investigation. The second possibility, which we will briefly explore in this section, is to supply
additional structure in order to extend the symmetric pre-connection to a connection.
More specifically, we study the hierarchical structure of a manifold (M, g,G) with both
metric and area metric. The existence of the standard metric g immediately induces the
metric compatible Levi-Civita connection ∇TM on the tangent bundle which may now be
used to define an antisymmetric pre-connection
DX [Ω,Σ] = G(∇TMX Ω,Σ)−G(Ω,∇TMX Σ) (47)
for any vector X and sections Ω, Σ of
∧2 TM . In coefficients this reads
Ξa1a2b1b2c = 2Γ
p
[a1|cGp|a2]b1b2 − (a1a2 ↔ b1b2) , (48)
where ∇TMa eb = Γcbaec defines the coefficients of ∇TM. The extension of the area metric
compatible symmetric pre-connection by the above antisymmetric pre-connection leads to a∧2 TM connection as defined in (13),
∇XΩ = ∇TMX Ω+
1
2
G−1((∇TMX G)(Ω, ·), ·) , (49)
whose coefficients have the simple form
Γa1a2b1b2c = 4δ
[a1
[b1
Γ
a2]
b2]c
+
1
4
Ga1a2pq∇TMc Gpqb1b2 . (50)
The affine structure provided by this connection on
∧2 TM allows the definition of tensors
in standard fashion. We immediately may define the curvature tensor associated to ∇ as
R(X, Y )Ω = ∇X∇YΩ−∇Y∇XΩ−∇[X,Y ]Ω (51)
for vector fields X, Y and sections Ω of
∧2 TM . There is also a tensor of first derivative
order, namely
T (X, Y, Z) = ∇X(Y ∧ Z)− [X, Y ] ∧ Z + terms cyclic in X, Y, Z . (52)
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The components of these tensors are given by
Rc1c2a1a2mn = 4R
[c1
[a1|mn|δ
c2]
a2]
+
(∇TMm Xc1c2a1a2n +Xc1c2f1f2mXf1f2a1a2n − (m↔ n)), (53a)
T c1c2mnp = 3X
c1c2
[mnp] , (53b)
where the Riemann tensor of ∇TM appears. The tensor X is the difference between the
connections ∇ and ∇TM on ∧2 TM , given by the second term on the right hand side of
equation (50). In case the area metric on (M, g,G) is induced from the metric such that
G = Gg, one finds X = 0 such that the connection and curvature tensor on
∧2 TM coincide
with the lifts induced by the Levi-Civita connection.
VIII. CONCLUSION
Area metric manifolds present a true generalization of metric manifolds because only some
area metrics are induced by a metric. The geometric structure of area metric manifolds is
probed by minimal surfaces, the same way the structure of metric manifolds is probed by
geodesics. However, a routine construction of covariant derivatives and tensors from the
area metric is obstructed by the non-linear variety structure of the spaces of areas. We
find that an area metric indeed only determines part of a connection, namely what we term
a symmetric pre-connection. Although this structure can be extended to a connection by
provision of an antisymmetric pre-connection, the latter is of no relevance to area geometry.
The equation for stationary surfaces is governed entirely by the symmetric pre-connection.
In fact, minimal surfaces with tangent areas Ω are characterized by a vanishing mean cur-
vature one-form,
DΩΩ = 0 , (54)
where DΣΩ is a derivative operator of areas acting on areas, constructed from the symmetric
pre-connection. This identifies the operator D as the relevant differential geometric structure
of area metric manifolds. Owing to the non-linearity of the space of areas, D is merely C∞-
homogeneous in Σ, and thus local.
String theory is most naturally interpreted from the point of view of area metric ge-
ometry. Indeed, the Polyakov action, including target space metric g and Neveu-Schwarz
two-form B, cannot be regarded as an area functional on a metric manifold. However, it
is classically equivalent to a one-parameter family of surface area functionals based on area
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metrics Gg+λ−1B = Gg+λ
−2GB. Thus the associated symmetric pre-connection encodes the
geometric structure D of generalized string backgrounds, and the string equation of motion
takes the concise form (54).
This insight at the level of the fundamental string carries over to the string-induced
effective action on a D-brane: D-branes are area metric manifolds (M,G), but not metric
manifolds. The Dirac-Born-Infeld action may be regarded as the volume form of an area
metric, but not that of a metric. The area measure in this case is composed of the metric, the
B-field and the gauge field strength on the brane as Gg + κGB+2piα′F , which is discussed in
more detail in the text. These results suggest that gravity on a D-brane should be described
by the dynamics of an area metric rather than by the dynamics of the more restrictive
structure of a metric. Following this line of thought will require the construction of scalar
invariants from the operator D, which is complicated due to the non-linearity of area spaces,
but is currently under investigation.
The complications in the construction of such true area geometric invariants may be
bypassed if additional structure is provided. On manifolds (M, g,G) equipped with a metric
and an independent area metric, scalar invariants can be constructed in standard fashion
using the extension of the symmetric pre-connection to a connection. This is not entirely
in the spirit of area geometry, but linked to ideas appearing in the context of higher gauge
theories.
In conclusion, area metric manifolds can be regarded as a geometric imperative to con-
sider strings: they only allow the discussion of stationary surfaces, not that of stationary
worldlines. Moreover, they easily accommodate generalized backgrounds via area measures
more general than those induced by a metric. Viewing string theory from this perspective
motivates the study of the differential geometry of area metric manifolds. With the help
of the differential operators constructed from the area metric we find that it is area metric
manifolds which capture the structure of effective string backgrounds, rather than metric
manifolds with additional fields. For this reason we expect that further development of
the geometry of area metric manifolds (which, for instance, could involve the development
of appropriate notions of isometries, curvature and related invariants, or the investigation
of holonomies) will shed light on effective dynamics appearing in string theory. In partic-
ular this should apply to the issue of gravity induced on D-branes, which is still largely
unresolved. Here, area metric geometry provides constructional tools beyond those of the
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conventional differential geometry of metric manifolds.
Acknowledgments
The authors thank Andrei Starinets and Raffaele Punzi for valuable discussions. MNRW
thanks the Perimeter Institute for their hospitality while this work was completed. He ac-
knowledges financial support from the German Research Foundation DFG, the German Aca-
demic Exchange Service DAAD, and the European RTN program MRTN-CT-2004-503369.
APPENDIX: CONVENTIONS
In this appendix we explain our conventions for the coordinate representations of objects
and operations. Let M be a d-dimensional smooth manifold and {ea} a basis of TM . This
basis canonically induces the basis
{ea1 ∧ · · · ∧ eak | a1 < · · · < ak} (55)
of
∧k TM which is of dimension (dk). Any section Ω of ∧k TM can be expanded in this basis
in the following form,
Ω = Ωa1...akea1 ∧ · · · ∧ eak =
1
k!
Ωab...ea ∧ eb ∧ . . . , (56)
which defines the components of Ω. Note that we adhere to the convention that sums
over numbered indices a1 . . . ak are ordered sums over a1 < · · · < ak. As an immediate
consequence of this convention we find the components of exterior products of sections
Ω ∈ ∧k TM and Σ ∈ ∧l TM :
(Ω ∧ Σ)ab... = (k+lk )Ω[ab...Σ... ] . (57)
A basis {ǫa} of T ∗M induces the canonical basis {ǫa1 ∧ · · · ∧ ǫak | a1 < · · · < ak} of
∧k T ∗M
which is dual to (55) if {ǫa} is dual to {ea}, in which case
ǫa1 ∧ · · · ∧ ǫak(eb1 ∧ · · · ∧ ebk) = k!δ[a1[b1 . . . δ
ak ]
bk]
, (58)
where the right hand side are precisely the components of the identity on
∧k TM . We also
define contraction symbols for Ω ∈ ∧k+1 TM and ω ∈ ∧l+1 T ∗M :
Ω xω = 1
k+1
1
l+1
Ωa1...akpωpb1...blea1 ∧ · · · ∧ eak ⊗ ǫb1 ∧ · · · ∧ ǫbk , (59a)
ω yΩ = (−1)k+l Ω xω . (59b)
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For k-forms Σ ∈ ∧k T ∗M we define the exterior derivative such that
dΣ = (k + 1)∂[a1Σa2...ak+1]ǫ
a1 ∧ · · · ∧ ǫak+1 . (60)
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